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■ Abstract 

We study a fundamental exterior differential system associated to any given oriented 

■ Riemannian manifold M of any dimension. The system was first considered in hypersurface 

■ theory of flat Euclidean space, but here it is defined invariantly on the tangent sphere 
bundle of the given Riemannian manifold. We deduce the structure equations and their 
main properties. In particular we write a new equivalent equation for the condition of M 



j3 ' being an Einstein manifold. 
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1 Introduction 

It is a remarkable feature of differential geometry that so many problems have been addressed 
through the exterior algebra of differential forms and partial differential equations, the theory 
of exterior differential systems. In the present article we are particularly interested in contact 
geometry, a branch which interacts strongly with Riemannian geometry. We start by recalling 
the well-known contact differential system, generated by a natural non- vanishing 1-form 9, on 
the radius s > tangent sphere bundle SMg — t- M of a given smooth oriented Riemannian 
n + 1-dimensional manifold M. Then we turn to our main purpose, which is to present the 
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study of a set of natural n-forms ckq, ai, . . . , a„ existing always on SMs, apparently known to 
a few geometers but which the author rediscovered independently. 

Each of these n-forms on the contact 2n + 1-manifold {SMs,9) and their C°° linear com- 
binations assume the natural role of Lagrangian forms. So they induce variational principles 
of the underlying exterior differential system. We believe the study of the Lagrangians ai, 
< i < n, may be pursued through many fields. To be more explicit in this first survey, 
suppose we have a (Cartan) coframe of 5Mi, e^,e^, . . . , e"", e"""*"^, . . . , e^", where 6 = e^, the 
1-forms e'', e^, . . . , e" are horizontal and the remaining are vertical (this is the usual terminol- 
ogy of fibre bundle tangent structure and will be explained in section 1). Then in case n = 1, 
we have a global coframing (which was already used by Darboux) of 6 plus the two 1-forms 
ao = and ai = e^. In case n = 2, 

ao = e^^ ai=e^^ + e^^ a2 = e^^. (1.1) 

In case n = 3, 

ao = ei23, a, = ei2'' + e234 + e3i5, = e^^^ ^ e^^^ + g^^s, as = e^'^ (1.2) 



In this article we show how these n-forms relate to certain calibrated geometries and, at 
least, to one special Riemannian geometry. The latter consists of a natural G2 structure 
existing always on SAIi for any oriented 4- manifold M. Discovered in |AS091 IAS10| . it brings 
new insight on the role of Einstein metrics. 

Here we prove a new Theorem, in a general framework, whose content is as follows: an 
oriented Riemannian n + 1-manifold is Einstein if and only if an-2 is coclosed. We trust this 
may be quite useful in the field of Einstein metrics. 

For instance, for any given metric of constant sectional curvature k we have the formula 

dai = 9 A ((n + l)aj+i — k{n — i + l)aj_i). (1.3) 

This is deduced immediately from Theorem 12.11 Throughout the text the reader will notice 
that we try to explore some of the consequences of ()1.3p . We look forward to develop the 
interplay with submanifold theory of space-forms, in a new article, since this seems to be the 
a most promising feature of the n-forms. 

Further applications of the natural Lagrangians go through an analysis of the Euler- 
Lagrange equations of the first few, say when i = 0,1,2, functionals J^i{N) = J^Oj on the 
set of submanifolds N ^ M with lifts to SMi (as applied by known references in metric 
problems of flat ambient space M or in cases of low dimension). We recall in particular the 
linear Weingarten equations, which we dare to explore in guidance with the study in |BGG03) . 

To the best of our knowledge, there exist only a few references about the differential system 
of 9 and the a^. The treatment is rather distant from that which we propose here (for instance 
we define the forms globally from the beginning) and, seemingly, the n-forms have only been 
considered having in view the solution of practical problems. Already in Phillip Griffiths' 
remarkable work |Gri83j we are presented with the forms in the cases of 2 and 3 dimensional 
base M. In |BCG"'"9l] the emphasis is on an application to a metric and algebraic geometry 
problem in dimension three (cf. p. 152), the same being true with later articles seen in 
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|Gri03| ■ Coming to more recent consulted works, in |IL03j the n-forms are again perceived 
in low dimensional problems. So it seems the general case only appears for the first time in 
|BGG031 p. 32], in the discussion of contact differential systems dealing with hypersurface 
Riemannian geometry. This extraordinary reference introduces the reader to essentially the 
same differential forms a, — it is not difficult to understand they are the same objects we 
define here, regardless the Euclidean setting and the underlying or supporting fibre bundle. 
The curious formula of the dttj for the case A; = in (|1.3|) is thus already known. 

From what we have realized through the literature, for the importance we give to the 
subject and the coincidence of the mathematician appearing in all references which mention 
explicitly the differential system, the author suggests and uses the name Griffiths forms to 
refer to the n-forms Oi of the natural exterior differential system of a tangent sphere bundle of 
an n + 1-manifold. The latter is henceforth called the Griffiths exterior differential system. 

The contents of this article are as follows. In section 2 we present our techniques with the 
Riemannian geometry of SMg . We have in view the description of the Griffiths forms and their 
first structural equations. In section 3 we present a few applications and examples, namely 
to Einstein metrics. There we also look into special Riemannian structures and concentrate 
on some variational problems of the geometry of hyper surf aces, a case in which we mostly 
follow |BGG03j . In section 4 we call attention upon the study of the infinitesimal symmetries 
and conservation laws. Finally in section 5 we complete the more computational proofs from 
previous sections. 

2 The natural exterior differential system on SMg 
2.1 Geometry of the tangent sphere bundle 

Let M be an n + 1-dimensional Riemannian manifold with metric tensor g = { , )■ We need 
to recall some differential geometry techniques for the study of the total space of the tangent 
bundle vr : TM — t- M. The metric techniques, studied below in a second phase, have been 
thoroughly used and developed in various works by enumerable mathematicians in the last 
five decades, of which the most well-known are presumably S. Sasaki, P. Dombrovsky and O. 
Kowalsky. One may include some previous articles of the author in regard to this long and 
extensive study. The tangent bundle of a given manifold is indeed a proficuous object in the 
geometrical context and thence a tool which conveys all analytical fields of application. 

The manifold TM is well-known to be a 2n -|- 2-dimensional oriented manifold. A canonical 
atlas arising from any given atlas of M induces a natural isomorphism V = kerdvr ~ tt*TM. 
This agrees clearly fibre-wise with the tangent bundle to the fibres of TM. Only supposing a 
linear connection V is given on M, we may say the tangent bundle of TM splits as TTM = 
H (BV, where H is a sub- vector bundle (depending on V). Clearly the horizontal sub-bundle 
H is also isomorphic to ■k*TM through the map dvr. We may thus define an endomorphism 

B : TTM — > TTM (2.1) 

transforming H in V, completing dvr, and vanishing on the vertical sub-bundle V. There also 
exists a canonical vector field ^ over TM defined by = u, Vtt E TM. Note ^ is independent 
of the connection and the vector lies in the vertical side Vu. Henceforth there exists a unique 
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horizontal canonical vector field -B*^ G H such that B{B^^) = ^. Such vector field is called 
the geodesic spray of the connection, cf. |Sak96j . In the sequel we let V* = 7r*V denote the 
pull-back connection on tt*TM and let (•)'*, (•)'' denote the projections of tangent vectors onto 
their H and V components. Then, \/w £ TTM, 

\/l^ = w'' and H = keT{V*C). (2.2) 

The manifold TM also inherits a linear connection, denoted V*, which is just 

V* ©V* 

preserving the canonical splitting. Of course, the connecting endomorphism B is parallel for 
such V*. The theory tells us that, furthermore, for a torsion-free connection V, the torsion of 
V* is given, Vv, w E TTM, by 

T^*{v,w) = R^*{v,w)^ = 7r*R^{v,w)C ■.= n^v,w) (2.3) 

where R denotes a curvature tensor (the proof is recalled in section [5]) . This means the torsion 
is vertically valued and only depends on the horizontal vectors. The second identity follows by 
tensoriality and in the third we have defined the tensor TZ^ G Qj.j^,j{V). 

Now we start using the given metric g of M. We recall the Sasaki metric on TM, also 
denoted by g, which is given naturally by the pull-back of the metric on M both to H and V. 
The morphism B^ : H ^ V is then an isometry. At this point it is admissible the notation 
B^ for the adjoint endomorphism of B. Moreover, we remark J = B — B* is well-known to be 
an almost complex structure on TM, proving our manifold is indeed always oriented. Notice 

= implies 'V*g = 0. 

From now on we assume the given linear connection V is the Levi-Civita connection of M 
(though the theory may be extended to any metric connection with torsion). 

Finally we are ready to consider the tangent sphere bundle SMg with fixed constant radius 
s > 0, 

SMs = {u €TM : ||u|| = s}. (2.4) 

This hypersurface is also given by the equation (^,^) = s^, thence TSMg = C TTM. Since 
the manifold TM is orientable, SMg is also always orientable (the restriction of C/ll'^ll being a 
unit normal). Moreover, for any u S rM\0, we may find a local horizontal orthonormal frame 
eo, . . . , e^, on a neighbourhood of u 7^ 0, such that cq = (this relies on the smoothness 

of the Gram-Schmidt process). Note that any frame in H extended with its mirror in V clearly 
determines an orientation on the manifold TM. We adopt the order 'iJ then V\ which makes 
a difference with its reverse when dim M is odd. 

We are always going to assume M is oriented (though for most purposes the mere existence 
of a parallel n + 1-form is sufficient). We let a denote the n-form on TM which is defined 
as the interior product of C/||^|| with the vertical pull-back of the volume form of M. We 
let vol denote the (usual) pull-back by vr of the volume form of M. With the dual coframing 
{e", e^, . . . , e"-}, where = Eq, clearly the identity vol = e*^ A • • • A e" is verified. Adding the 
mirror subset {|^, e""*"^, . . . , e^"}, with e""*"* = e* o i?*, Vi > 1, we may fix the volume form of 
TM: 

Vol = e° A A • • • A e" A ^ A e^+^ A • • • A e^^") = ^ >- A vol A a. (2.5) 
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Hence, having chosen + or — ^/s as unit normal direction (according with n odd or even), the 
canonical orientation (ib^/s)jVol of the Riemannian submanifold SMs agrees with vol A a = 
g0i---(2n) _ gO ^ gi ^ . . . g(2")^ ■\Ye shall assume always the canonical orientation vol A a on 
SMg (the same symbols denote the restriction of those forms to the submanifold in cause). A 
direct orthonormal frame as the one introduced here will be said to be adapted. 

To facilitate notation we let SM = SMg with any freely chosen s, only recalled when 
necessary. 

The manifold SM admits a metric linear connection V*, as we shall see next. For any vector 
fields y, z on SM, the covariant derivative V*z is well-defined and, admitting y, z perpendicular 
to ^, we just have to add a correction term: 

^> = ^> - ^(V^'Oe = + z^)i. (2.6) 

Since {TZ^{y, z),^) = 0, we see from (j2.3p that a torsion-free connection D is given by DyZ = 
VyZ — ^TZ^{y, z). The reader should be aware D is not the Levi-Civita connection if / 0; 
one may further consult |AlblO[ lAlbllj for details on metric connections on SM. 

2.2 The contact structure and new n- forms 

Continuing to explore the ideas and notation introduced above, we let 9 denote the 1-form on 
SM 

e = se^ = {B'0' = {^,B{-)). (2.7) 

We wish to make further claims on the natural geometry of SM. They are based on the 
following Proposition, whose proof shall be recalled in section [5j The result was essentially 
deduced by Y. Tashiro in the late 1960's through chart computations, cf. |Bla02| . 

Proposition 2.1. We have dO = e^^+'^^i H h e^^")". Equivalently, \/v,w G TSM, 

d9{v, w) = {v, Bw) - {w, Bv). (2.8) 

It is easy to see that {SM, 6) is a contact manifold. The same is to prove that 6 A (d^)*^ = 

n(n + l) 

(— 1) 2 n!s vol A a 7^ 0, as we shall care to establish later. We ask the reader to accept our 
abbreviation of the wedge product, which happens only when there seems no danger of being 
misled. We also observe here that the expression of dO is not linear in s, lest the reader should 
be driven to conclude otherwise. 

Remark. We may also describe a metric contact structure on SM. Finding the correct 
weights on the fixed metric, the 1-form 9 and the so-called Reeb vector field, which is of course 
a multiple of S*^, gives 

5 = ^5, e = 2i?*^, r^ = g{l.) = ^9, ^ = B-B' -2C(^7]. (2.9) 

And then we have ry(^) = 1, ip{^) = 0, = — 1 + (8> ^, g{ip- ,(p-) = g — r] r] and 
drj = 2g{- ,ip ■) as we wished. This metric contact structure is Sasakian if and only if M has 
constant sectional curvature l/s^. 
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Now we are able to define n + 1 natural n- forms on SM with any constant radius s. First, 
for < z < n, we let the rational Ui be given by 

Continuing with the notation and the adapted frame introduced earlier, we then define a^. 

<^n = a = ^^vt-^voIm) = e("+i) • • • e^^") (2.11) 
ll?ll 

where 7r~^volM is the vertical pull-back of the volume form of M (overall distinguished from 
7r*volA/ = vol). Finally for each i we define n-forms ai by 

a, = niao(S"-^Al^5M), (2.12) 

this is, Vui, . . . ,Vn S TSM, 

ai{vi,...,Vn) = rLi^ Sg{a)a{BVa^,...,BVa„_i,Va„_,+^,...,VaJ. (2.13) 

Note that B""* = A"~*i? = B A ■■■ A B with n - i factors. The map 1 = Itsm denotes 
the identity endomorphism of TSM. The notation a o i^B^~'' A 1*) shall be duly introduced 
and justified in section [5l Notice an is unambiguously defined, because a o A"l = nla and 
n„, = n!"^. We remark also that = e^'"^ (which justifies the definition of the weight Tij). 
For convenience we define On+i = 0. 

The reader may see all the Oi for the cases n = 1,2,3 in the introduction section. 
Proposition 2.2 (Basic structure equations). For any < i < n we have: 

n{n+l) 

*e = saoAa= , (d^)'', (2.14) 

n! 

n(n + l) i\ . (-1)"-* 

* {dey = {-i)^- — eA{der-\ = e a an-i. (2.15) 

(n — ly.s s 
Moreover, Oj A d^ = and ai A aj =0, \/j ^ n — i. 

Of course * denotes the Hodge star-operator on SM. Recall ** = Iaj^^- 
Theorem 2.1 (Ist-order structure equations). We have 

dai = \{i + l)e Aa^+l + ^Z^ai (2.16) 

where 

n 

■^^tti = ^ ^Y^sRjqOpe^'^ Aep+n^oti (2.17) 

0<j<g<n p=l 
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The proof of this and the following result is postponed to section [5l Notice in particular 
the formulas TZ^ao = 0, TZ^ai = —sr vol. In other words, 

dQo = 4^Aai, (2.18) 
2 r 

dai = ^6lAQ2 vol (2.19) 

where r = Ric (^, ^) is a C°° function on SM determined by the Ricci curvature of M. More 
precisely, r is defined by 

n 

u€SM I — > Ric (n, n) =Tri?^(„) (•,«)« = s^^i^jooj- (2.20) 

i=i 

We remark 

n 

dan = n^an= Yl Y{-^r-'sRj<iOpe^''Ae^''-^''^---^^'^---^^^l (2.21) 

0<j<g<n p=l 

Note that 

d{n^ai) = \{i + i)eAn^ai+i (2.22) 

and so 

deAn^ai = 0. (2.23) 

It is trivial to see 

69 = 0. (2.24) 

Proposition 2.3. The differential forms a„ and a„,_i are always coclosed. 

Proof. d*an-i = ^d(6'Aai) = ^d6 + Adai = and d*a„ = dvol = 7r*dvolM = 0. ■ 

We call the set of differential forms 0,ai, . . . ,a„ and the d-closed ideal it generates the 
natural exterior differential system of M on its tangent sphere bundle or the Griffiths exterior 
differential system of M. The n- forms are called Griffiths forms. 



3 Applications, examples and Euler-Lagrange equations 
3.1 Examples and open problems 

Let us see some examples from which we can read the fundamental equations of the SO{n)- 
structure of a tangent sphere bundle SM — >• M of a given oriented Riemannian manifold M 
of dimension n + 1. Let us thus see the examples of the proposed Griffiths system of M. 

Example l.i. Suppose n = 1 and s = 1. We then have a global coframing on SMi given by 



6 = e^, ao = e^, ai = a = e^, 
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This reflects the triviality of the principal S'^-bundle and the natural exterior difl'erential system 
agrees with Cartan structure equations: 

d9 = aiAao, dai = raoA9, dao = OAai (3.1) 

where r = -Riooi is the Gauss curvature of M. 

Example l.ii. One becomes curious in seeing the above equations in the trivial case of 
SM.1 = X S^. Admitting coordinate functions {x^ , x'^ ,ui,U2), subject to (ni)^ + (^2)^ = 1, 
we immediately find e" = uidx^ + U2dx^, = —U2dx^ + uidx^, = —U2dui + Midu2. Using 
the identity uidui + n2dn2 = 0, the equations above do follow just like for any flat surface. 

Example 2. Suppose re = 2 and s = 1. Then the equations for Oj, i = 0,1,2, give us the 
global tensors TZ^ao = 0, TZ^ai = — rvol (cf. (|2.20p ) and 

-pC^ _ n „014 I o „024 , p „124 p „013 p „023 p A23 (o n\ 

These illustrative expressions shall be discussed later. In |Gri031 p. 461] we flnd another 
approach to the equations, via principal frame bundle of M, having in view an example of a 
hyperbolic exterior differential system. 

Example 3. It is quite interesting to consider the case of constant sectional curvature k in 
any dimension n + 1. Since the Riemann curvature tensor is Rijpq = k{5iq6jp — 6ip6jq), we prove 
in section [5] that TZ^ai = —k{n — i + 1)6 A aj_i. In other words, 

doj = 6 A (—^{i + l)ai+i — k(n — i + l)aj_i). (3-3) 

Like CKn+i) we deflne a_i = 0. Notice IZ^ai = —snkvol, just as expected through (j2.19p . 
Regardless the awkward context, we may formally compare the deduced formula with the 
Frenet equations of a curve in M" described in |Gri031 p. 23]. Furthermore it is easy to see 
that, for all i, 

d * ai = (3.4) 
in the case of constant sectional curvature metric. 

Now let us see an application which was found well before the present construction of 
the natural exterior differential system of a Riemannian manifold. We shall need to refer to 
concepts of G2 geometry, which the reader may follow e.g. in | Joy09| . 

In |AS091 lASlOj it was proved that the total space of the unit tangent sphere bundle 
iSMi —7- M of any given oriented Riemannian 4-manifold M carries a natural G2-structure. The 
structure is discovered through a geometrical and algebraic reasoning, quite easy to describe 
as the reader may care to verify. It led us conveniently to introduce the 3- forms 00,01,02,0:3, 
precisely by formula (j2.12p . and to deduce the respective structural differential equations (also 
cf. [AlblOj ). The space is now called G2-twistor or gwistor space and its fundamental G2- 
structure form is shown to be 

= 6lAd6l + ai-a3. (3.5) 

Our original incursion in Riemannian exceptional geometry was rather fortunate with the 
Hodge dual of (p. The structure form (p is coclosed (a well-known condition which takes the 
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G2 structure to be called cocalibrated) if and only if the given Riemannian manifold M is 
Einstein. We also aim strongly today for a complete study of the tensors 7^^a2,7^^a3. 

It is appropriate to recall the canonical decomposition under representation theory of the 
orthogonal group SO{n), due to the new study we have undertaken, 

A"(r2"+1)= AP(M")®A''(M'^)®A^(M). (3.6) 

p+q+l=n 

An open problem is to find the conditions for a linear combination tp = X^^Lq biOi+cO'^ A{d6)^2\ 
with bi,c £ C^.^^ and e = or 1 according to the parity of n, to be a calibration of degree n. 
We recall a calibration is a closed p-form 99 such that ip^y < voly for every oriented tangent 
p-plane V. 

For n even we certainly have an obvious (p of degree n. For n = 1 the question may be 
solved easily recurring to (|3.ip . For n = 2 and 3 we have a complete classification in |Joy09 
Theorems 4.3.2 and 4.3.4] of all the possible calibrations which may occur pointwise, in their 
algebraic form, as elements of A"'(]R^"+^). Then we notice that several cases can be written as 
the (p we refer above. Others may not — it remains an open problem presumably too long to 
be ended here. 

In case n = 3, besides 9 A d9 or the G2 structure of gwistor space shown above, it is 
interesting to discuss the possibility of a calibration of special-Lagrangian 3-folds precisely as 
in the referred Theorem in |Joy09| . It appears as the real part of 

(e^ + V^e^) A (e^ + y/^e^) A (e^ + \^-ie^) = qq - 02 + V^{ai - 03). 

The imaginary part is of course also relevant, as well as their Hodge duals. Then we may prove 
the following result much in the same way of |AlblO| . 

Theorem 3.1. Suppose M has dimension four. 

(i) The 3- form ao ~ 012 is never closed. It is coclosed if and only if Ad has constant sectional 
curvature. 

(a) The 3-form ai —03 is never closed. It is coclosed if and only if M is an Einstein manifold. 

Sketch of the proof. We apply Proposition 12.21 and Theorem 12.11 directly (cf. Proposition 12. 3p . 
The rigidity identities appear immediately. They either allow or imply a curvature tensor such 
that formula (13. 3p is a solution. More concretely, we have d * (cti — 03) = —9 A TZ^a2 and 
a closer inspection reveals that Einstein equation is the required vanishing condition (also cf. 
section 13. 2p . ■ 

3.2 Degree reduction of Einstein equation 

Now we shall see an equation involving the Ricci tensor of M, again in any dimension n + 1. 
Let p be the 1-form defined by ,^j7r~^Ric . Note that we refer to the vertical lift of the Ricci 
2-tensor, restricted to TSM. In other words, using an adapted frame on SM, 



n 

P = ^ sRabOa e' 
a,b=l 



(3.7) 
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Note 1 < a,b < n and indeed this is a global 1-form. The next Theorem transforms the 
equation for an Einstein metric into a formally degree 1 equation. We return to the radius 
s tangent sphere bundle (for the whole article this important detail was cared only for the 
completion of the exposition). 

Theorem 3.2. We have 

d * an-2 = p A vol. (3.8) 
Hence the metric on M is Einstein if and only if 5 an-2 = 0. 

Proof. We leave the deduction of the formula to the computations section, section [5] below. 
The conclusion about the metric being Einstein follows by noticing how p is defined. ■ 

3.3 Recalling Euler-Lagrange systems theory 

We wish to relate the study of Euler-Lagrange systems with {SM,0,d9,ai) for some fixed a/, 
the Lagrangian form, in the context of Riemannian geometry. The involved theory of exterior 
differential systems of contact manifolds is beautifully surveyed in |BGG03j as well as in some 
sections of |Gri03j . 

We need to recall that theory, so in this section we assume (5, 9) is any given contact 
manifold, not necessarily metric, of dimension 2n + 1. 

The contact differential ideal X is defined as the d-closed ideal generated by G il^. 
In other words, it is the ideal algebraically generated by exterior multiples of 6 and d^. A 
Legendre suhmanifold of S consists of an n-dimensional manifold together with an immersion 
f : N ^ S such that f*6 = 0. The same is to say iV is a maximal integral submanifold, — 
the expression integral meaning f*0 = or f*X = 0. We also recall that there exists a 
generalisation of the famous Darboux Theorem of symplectic geometry, which guarantees that 
certain generic Legendre submanifolds appear as zero sections of n + 1 of a set of so-called 
Pfaff coordinates. These are then called the transverse Legendre submanifolds. A Legendre 
submanifold is C^-differentiable close to such a generic Legendre submanifold A^ if it appears 
as the graph of a function on A^ in the remaining Pfaff coordinates. The paradigm example 
(the local model) is the 1-jet manifold of the Euclidean flat space with coordinates z,x'^,pi, 
contact form 6 = dz — X]"=iPjdx* and A^ given hy z = 0,pi = 0. 

A Lagrangian is simply a A G Q^. It gives rise to a functional on the set of smooth, compact 
Legendre submanifolds N C S, possibly with boundary, defined by: 

TAiN)= [ A (3.9) 
Jn 

(the integral is for the restriction or pull-back to A^ of the Lagrangian, but the relevant point 
here is that A is defined independently.) There are two notions of equivalence for such specified 
n- forms. An equivalence class [A] is represented by any element of A+X" + dr2"~^, where X" = 
In Jl". Such Lagrangian class clearly induces the same functional on Legendre submanifolds 
without boundary. On the other hand, an algebraic identity carries over to the whole contact 
manifold: 

1^ = 9.^, \fk>n. (3.10) 
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Hence we have that dA S and so the above class is well defined in the cohomology ring 

of degree n for the differential complex (r2"/X'^,d). We may rephrase, concluding that the set 
of representatives [A] of Lagrangian n-forms corresponds with the characteristic cohomology 
ring H"'{S) of the exterior differential system (S, 9). It relates to de Rham cohomology via the 
short exact sequence — t- X'^ — t- Jl'^ — ?• ^ jX^ — t- 0. Having chosen a Lagrangian A we wish to 
study the functional J^a. By (|3.10p there exist two forms a,/3 on S such that 

dA = A a + d^ A /? = ^ A (a + d/3) + d(0 A /3), 

By |BGG03| Theorem 1.1], there exists a unique global exact form H such that H A = and 
H = dA in 

H = d(A-0A/?) = 0A(a + d/5). (3.11) 
The n + 1-form H is called the Poincare-Cartan form. 

Now suppose we have a variation of Legendre submanifolds with fixed boundary, i.e. sup- 
pose there is a smooth map F : N x [0,1] ^ S such that each Ft = F^j<^^, with Nt = N x {t}, 
defines a Legendre submanifold (in other words F*9 = mod dt) and d{F{Nt)) is indepen- 
dent of t. The variation is of course in turn of the Legendre submanifold Fq = f : N ^ S. 
Then, by subtracting Jj^^ 9 A f3 = to the left hand side, by applying the well-known formula 
of the usual derivative becoming the Lie derivative under the integral and using the Cartan 
formula, it is proved that 

A / A = / #.H. (3.12) 
dtJN, JN.dt ^ ' 

Passing to variational calculus notation, for variational direction vector field v G ro(A^; f*TS) 

d_ 
(9t' 



vanishing along dN , at point t = playing the role of the previous identity reads 



5{Fk)n{v) = / v^rii 

(3.13) 

iv^r9)r^. 

N 

The last equality follows from the existence, as we saw above, of a non-unique n-form ^ such 
that II = 9 A ^ . The conclusion is that 

— FA{Nt) = if and only if = 0. (3.14) 

dt \t=o 

A Legendre submanifold satisfying (j3.14p is called a stationary Legendre submanifold. The 
exterior differential system algebraically generated by 9,d0,^ is called the Euler- Lagrange 
system of {S,9,A); its Poincare-Cartan form H is said to be non-degenerate if it has no other 
degree- 1 factors other than multiples of 9. 

In sum, the guiding line to determine the critical points of (j3.9p is the computation of the 
Poincare-Cartan form (|3.1ip . its transformation as the wedge product 9 A^ and finally, due 
to (|3.14p . the analysis of condition /*^' = 0. 

We recall a very beautiful example regarding the model contact manifold mentioned at the 
beginning of this section. It is also from |BCG03j . A classical Lagrangian A = L(z,x^,pi)dx^ A 
■ ■ ■ A dx"" on the Euclidean 1-jet manifold gives place to the transverse Legendre submanifolds 



R. Albuquerque 



12 



of the kind N = {{z{x),x, -§§i)} where x = {x^,... Then, letting = dL/dz, Lp. = 

dL/dpi, 

dA = Lz6 Adx + ^ Lp- dpi A dx 

= ^ A dx - d6' A ^{-ly+^Lp^ dx^ A • • • dx^ • • • A dx", 
so by the above prescription (11 = ^ A (a + d/3)) 

n = ^ A (L^ dx + d(^(-l)^Lp, dx^ A • • • dx^ • • • A dx")) = 9A^. 

A transverse Legendre submanifold is stationary if and only if its defining functions satisfy the 
Euler-Lagrange equations: 

3.4 Euler-Lagrange systems on the unit tangent sphere bundle 

Again we consider an oriented n + 1-dimensional Riemannian manifold M together with its 
unit tangent sphere bundle SMi — ^ M, endowed with the canonical Sasaki metric and metric 
connection (with torsion) V* induced from the Levi-Civita connection on M. 

For the rest of this section we assume the notation f : N ^ M to refer to a compact 
isometric immersed submanifold of M of dimension n. For simplicity we assume is oriented, 
but in regard to the problems below this may be overcome by passing to a double cover. 

There exists a smooth lift f : N ^ SMi of /. We simply define /(x) = '^f{x)i the unique 
unit normal in Tf(^^)M chosen according to the orientations of A^ and M. Note that / is also 
defined on dN. It is easy to see that, up to the vector bundle isometry d7r|j:^ : H — )• tt*TM on 
the horizontal side, we have the decomposition into horizontal plus vertical: 

dfiw) = df{w) + {rv)^rv. (3.16) 

Indeed, the vertical part at each point x G A^ is = {f*^*)wf*i, where ^ is the canonical 

vertical vector field on 5Mi, cf. (|2.2p . Clearly, f*^^ = ^f(x) = f*^x and /*7r* = /*. 

By definition of / we have the phenomena that f : N ^ SMi defines a Legendre submani- 
fold of the natural contact structure: f*6 = 0. In other words, f{N) is an integral submanifold 
of 9 (and d^). If we choose an adapted direct orthonormal coframe e^,e^,. . . ,e^" locally on 
SMi, then we have also a direct orthonormal coframe e^, . . . , e" for A^ (we use the same letters, 
knowing the latter cannot be said to be horizontal). Now, from (|3.16p . for any 1 < j < n we 
have 

n 

f*e^=e^ and /*e^+" = - ^ (3-17) 

fe=i 

with A the second fundamental form of A^. We recall, A = — Vi7 : TN — ^ TN. By Proposition 
12.11 and f*d9 = df*9 = we confirm in particular that A^. is a symmetric tensor. 

Conversely, a smooth Legendre submanifold is locally the lift A^ — >■ SMi of an oriented 
smooth n-submanifold oi N ^ M if and only if ao|7v > 0- We are going to need and thence 
assume this open condition throughout. 
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We now present a classical, well-known result on minimal surfaces. Our proof is essentially 
the generalisation of the fiat Euclidean case shown in |BGG03j (which uses the Grassmannian 
bundle of n-planes instead and there invokes the Legendrian phenomena seen above); but it 
is interesting to note it works with any ambient manifold M. Moreover, we easily write the 
formula for the first-variation of the volume, cf. |Xin03j . 

Theorem 3.3 (Classical Theorem). Let N be an isometrically immersed hypersurface in M 
and let H be the mean curvature vector field, i.e. H = -{A\ -!-••• + A^)v. Then, \/v E 
T{N,f*TM), 

6{yoI)n{v) = - n{v,H)volN. (3.18) 
Jn 

In particular, N is minimal if and only if its mean curvature vanishes. 

Proof. Recall that a minimal hypersurface is one which is critical for the volume functional. 
By (|3.17p we see immediately that the volume of an n-dimensional submanifold in M is 
given by J^aoi^) = Now, by Theorem 12. H the Poincare-Cartan form of ao is just 

dao = ^ A ai = 11. Thus, within the open set of those for which aoAf > 0, a Legendre 
submanifold in SMi is stationary for J^ao if and only if f*ai = 0. Since 

ai = e^+" A A • • • A e" + A e^+" A A • • • A e" etc, 

we have f*ai = -{A\^ h^^) A- • • Ae" = -n{H, v) voIat. Then we apply (|3.13p . admitting 

thai v^f*e = {v,v). ■ 

Let us now consider the other Griffiths n-forms aj defined in section 12.21 They give, in 
their own right, interesting Lagrangian systems on the contact manifold SMi. Disregarding the 
context of a manifold M with, in general, non-vanishing curvature, the analogous Lagrangians 
referred in |BGG03l p. 32], defined on the Grassmannian bundle of n-planes over Euclidean 
flat space, tell us of the following common feature. Each pull-back f*ai to a hypersurface 
is the sum of all i x i minor determinants of A, times (—1)* and times the volume form of N . 
In particular, writing K = det^, 

/ an = {-lT [ KyoIn. (3.19) 
Jn Jn 

This is the so-called Gauss-Kronecker curvature of N when M is flat. Moreover, by ()2.2ip . if 
M is flat we have dan = and thence a variationally trivial functional, i.e. constant under 
continuity for the C°°-topology of the space of immersed N. 

Let ai{A) denote the elementary symmetric polynomial of degree i in the eigenvalues 
Ai, . . . , A.„ of A. The next result resumes the assertion above. 

Proposition 3.1. VO < i < n, we have f*cti = (— l)*(Tj(A) voItv- 

The proof is quite straightforward, so we leave it to section [531 As seen previously, or since 
o"! is the trace, the functional 

J='i{N)= I ai = -n[ ||if||volAr (3.20) 
Jn Jn 

corresponds with the integral of the mean curvature on immersed submanifolds N C M. 
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Theorem 3.4. Suppose our Riemannian manifold M has dimension n + 1 > 2. An isometric 
immersed hypersurface f : N ^ M is stationary for the mean curvature functional Ti if and 
only if 

Scal^ = ScaF - (3.21) 

where rp = Ric (i7, u) is induced from the Ricci tensor of M and Seal denotes scalar curvatures. 
In particular, if M is an Einstein manifold, say with Ric = eg and c constant, then N has 
constant scalar curvature Scal^ = nc. 

Proof. Let N be any hypersurface, not necessarily stationary. By Gauss equation, the cur- 
vatures of N and M satisfy Rf^j^ = Rfjj^ - XiXj, VI < i < j < n, in an orthonormal basis 
diagonalizing A. Hence 

n 

ScaF = Rfjji = 2^1? + Scal^ - 2^2 (A), 

i,i=o 

which is mostly a well-known formula, since a2{A) = Ylii<j ^i-^j — ^dl-^lP'^^ ~ Sr=i -^i )• Now, 
recurring to SM\ — )• M, by Theorem 12.11 or (12.19^ we know dai = 6 f\ (2a2 — rao). Hence, by 
(|3.14p . is stationary if and only if 

2a2{A)-rr = Q, 

where clearly f*r in the previous notation agrees with rp. The result follows. ■ 

The Theorem with the hypothesis c = is known in a close context: constant scalar 
curvature hypersurfaces N of Euclidean space M""*""^ are critical for Fi when varying within 
the volume preserving class. Our variational principle, with eventually dN fixed, is of greater 
generality. 

Now for Einstein ambient space M, we see through a formula in the last proof that T2 
gives a variational function essentially on the scalar curvature of N . 

Theorem 3.5. Let M he a Riemannian manifold of dimension n -|- 1 > 2 and constant sec- 
tional curvature k. Then a compact hypersurface N is a critical point of the scalar curvature 
functional Scal^ vol n if o,nd only if the eigenvalues Ai , . . . , An of A satisfy ( assume A3 = 
for n = 2) 

6 Y AjiAj2Aj3 + /c(n-l)(n-2)(Ai-h--- + A„) = 0. (3.22) 

jl<j2<j3 

In other words, Qa'i{A) + kn[n — l)(n — 2)||//|| = 0. 

Proof. As seen above, we have Scal^ = Scal*^ — 2r-|-2(T2(^) corresponding with the Lagrangian 
A = ((n -|- l)nk — 2nk)ao + 2a2. Recurring to (|3.3|) we find 

dA = (n - 1)71^6* A ai + 26* A (3^3 - A;(n - l)ai) 
= e A{6a3 + k{n-l){n-2)ai) 



and the result now follows easily. 
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Note the case n = 2 is always satisfied and invariant of the ambient manifold as expected 
by Gauss-Bonnet Theorem. 

We may finally define the functionals on the set of compact immersed hypersurfaces of M: 

J^i{N)= [ ai. (3.23) 
Jn 

Notice it is the same functional for Legendre hypersurfaces with aoiTV > on SMi. As seen 
above, J-q,J-i are always averaging the volume and the mean curvature of respectively, 
up to a constant factor. For n = 1, we remark J^q gives unparametrised geodesies as length 
stationary submanifolds and J-i gives a trivial condition. The following functional, with i G M, 
seems also particularly interesting for further studies on our new or extended theory (to any 
Riemannian manifold) 

F{t,N)=S2f fai= [ det(l - M)vol7v. 

Remark. Isometric submanifolds of M of codimension higher than 1 may also be considered. 
In this case we use the orthogonal sphere bundles S^{N) = {u S TM : ||u|| = 1 and u _L TN}. 
These are Legendre n-submanifolds of SMi and so the study may be carried forward, on the 
interplay with the second fundamental form and the induced metric connection on the normal 
vector bundle of N. 



3.5 Linear Weingarten Equations of space- forms 

We are interested in the study of a generalised form of the so-called linear Weingarten equations, 
the term owing to the classical problem discussed e.g. in |BGG03[ p. 34] for surfaces. Given 
scalar constants cq, . . . , c„, we wish to find compact isometric immersed hypersurfaces f : N ^ 
M whose second fundamental form A satisfies 

CO - c7i(A)ci + • • • + (-l)"a„(^)c„ = 0. (3.24) 

This corresponds to /*^' = where 

^ = coao + c\a\ H h c„an- (3.25) 

The study of a corresponding Poincare-Cartan form 11 = A ^' may arise from some Euler- 
Lagrange system if some conditions are fulfilled. This is an example of an inverse problem 
on exterior differential systems (we refer to |BGG03j for details). In our case, having the 
differential system generated by 0,d0,^', what is called Monge- Ampere system, one tries to 
find A with the indicated Poincare-Cartan form. 

Now we assume M is a manifold of constant sectional curvature k. 

By formulas (j2.2p . namely d0 A = 0, and (|3.3p . we immediately find that 11 = A ^ is 
closed. So locally 11 is exact and we have germs of Euler-Lagrange systems. 

However, we are further requiring global S'0(n)-invariant Lagrangians, for reasons of their 
own relevance. It is known that the real vector subspace of invariant n-forms included in fi^^j 
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is generated by the uq, . . . ,an (cf. |BGG031 p. 33]). Notice the decomposition of the standard 
fibre (j3.6p . Thus we shah look for a solution of dA = IT of the form (Xj € M) 

A = ^Xiai. (3.26) 

Applying the appropriate equation and an indices shift, we find the condition, VO < i < n, 

iXi_i - k{n - i)Xi+i = a (X_i =X„+i = 0). (3.27) 

We may write this as a matrix equation and so the problem remains in solving such linear 
system. The rank of the n + 1-squared matrix on the left hand side acting on the vector 
{Xq, . . . ,XnY is n, for /c = or n even, and n + 1, for n odd and k ^ 0. For n odd the 
determinant is 

Hence if we want to study a prescribed constant io-curvature isolated equation CQ + aig{A) = 0, 
we must verify (cq, 0, . . . , 0, (—1)*", 0, . . . , 0) is in the image of the linear system. 

The classical Weingarten problem for surfaces in 3-dimensional space-forms shall let us see 
our arguments in practice. The case n = 2 involves volume, mean curvature Hn^ and the 
Gauss-Kronecker type curvature Kjsf. We may prescribe one as function of the other two. The 
Poincare-Cartan form ()3.25p corresponds to an invariant Euler-Lagrange system if and only if 
Co = -kc2. 

11 = 6 A {—kc2ao + cioi + 0202)- (3.28) 

Then there is a line of solutions for A such as A = ciOq + ^cti or A = y-ai — ^0^2 (for k ^ 0). 
We see we cannot consider prescribed 1- or 2-curvature isolated equations. However, not all 
is lost. Suppose we want critical surfaces N to be amongst those with Hjy = Hq, Kj\f = Kq 
constants. The equation cq — 2Hnci + KnC2 = —2Hnci + {K]\f — k)c2 = tells us to choose 
ci = Kg — k and C2 = 2Hq for the Poincare-Cartan form. There is no other linearly independent 
equation which originates from an invariant Euler-Lagrange system. 



4 Observations on the Griffiths differential systems 
4.1 Infinitesimal symmetries 



For the following notions we recur to BCG"'"9l[ IBGG03( IIL03] . We search for more properties 
of the Griffiths differential system. 

It is easy to see there are no non-zero Cauchy characteristics of the contact structure 
{SM, 9), i.e. there exists no vector field v £ Xsm\0 on SM such that vJZ C X where I is the 
d-closed differential ideal generated by 0. The Lie algebra qx of infinitesimal symmetries v of 
I, a set containing the Cauchy characteristics, is easy to compute formally, v is now required 
to satisfy C^I C I. On an adapted frame on SM, we let v = Yli=o course 
enough to check that C^O renders a multiple of 6. By the Cartan formula, 

= d{vje) + vjde el ^ { s^Mei) = -Vi+n ^ vq < f < n. (4.1) 

sdvo{ei+n) = Vn 
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In particular S*^ = 9^, the tautological horizontal vector field on SM, is an infinitesimal 
symmetry. 

Recall that ^gj^ C X, Vj > n, where is the space of j-forms. So the Euler systems 
{6,d9,ai} form a d-closed ideal. Now let X_i = X and let li be the ideal generated by 
li-i U {oi}, for each < i < n. So that we have Xj_i C Xj. Then, if M has constant sectional 
curvature, besides a d-closed ideal filtration, we have a Lie filtration (cf. ()3.3p ): 

£0«Xi C X,+i. (4.2) 



We keep working with the tautological vector field in the class of constant sectional cur- 
vature metrics. Also because by adding any Lagrangian n-form A in the Griffiths differential 
system, we rarely or never seem able to decide if it admits non-vanishing infinitesimal symme- 
tries. 

So we want a A = Y17=o -^i^i with real coefficients generating a d-closed ideal J = {0,(19, K} 
(notice J C X„), and we expect 0^ € flj. Then we compute, also simplifying to s = 1: 



Cgik = 0«jdA = ^Xi{{i + l)ai+i -k{n-i + l)ai_i). 



(4.3) 



i=0 



This is not a multiple of d& because there are no e^^^^'^^ in any of the a^. So it can only be a 
multiple cA of A itself for some constant c. Letting k be the sectional curvature and equating, 
this becomes 

n 

^(jX,_i - k{n - j)Xj+i - cXj)aj = 0. (4.4) 

j=0 

If we put this in linear form LX = 0, then the determinant of the n + 1-squared matrices, the 
first three being 



-k 
-c 



-2k 
—c 
2 



-k 
-c 



-3k 
— c 
2 



-2k 
— c 
3 



-k 
-c 



(4.5) 



must be 



detL 



(c^ + k) (c^ + 9/c) (c^ + 2bk) • • • (c^ + n^k) for n odd 
-c{c^ + Ak){c^ + lQk){c^ + mk) • • • (c^ + n^k) for n even 



(4.6) 



On the basis of such conjecture, proved up to n = 6, the conclusions are the following: i) there 
always exists a 1-dimensional subspace of solutions A in case n is even, with Cg^K = 0. ii) if 
< 0, then we have a 1-dimensional subspace of solutions MAj satisfying 



CjAj V 



< J < ^ with Cj = ±{2j + 1)\/^, for n odd 
< J < § with Cj = ±{2j)\/—k, for n even 



(4.7) 



In case i) the theory tells us ^''jdA is a conservation law of the Euler-Lagrange system {9, d9, A}. 
However this is a redundant conclusion from the definitions. 
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4.2 Final comments 

There are a few comments on possible future directions of study. 

The first would certainly be to determine how dependent is the Griffiths system on the 
metric and orientation of M. How can we work, for instance, on the Grassmanian bundle 
Gn(TM) — 7- M of n-planes of the tangent bundle, with a given orientation o and a torsion- 
free linear connection on M for which o is parallel. We know that there is a canonical linear 
Pfaffian system on such bundle, described in |BCG"'"9l[ p. 91], which is locally bundle and 
contact isomorphic to the metric contact manifold {SM,9). But we still miss the Griffiths 
forms. If indeed we can find them, then a second important issue should turn up. Explaining 
how the known prolongation theory of the canonical differential system of G„(TM) (or the 
projectivized cotangent bundle) would be introduced on SM. 

The reader may actually notice that we can define new forms with the symmetric or per- 
mutation group technique thought for the a,. Suppose we are given the following data: a linear 
subgroup G C GL„+i(]R), a linear G-structure and connection V on the n + 1-manifold M (i.e. 
a connection on a principal G-sub-bundle P of the frame bundle), a G-equivariant morphism 
B from M""*"^ to a G-module Wq and finally a tensor r]Q E ^^Wq with isotropy subgroup Kq. 
Then we have a vector bundle W = P xq Wq and a p-tensor rj on M induced from r]Q. Such 
p-form also carries over vertically, by pull-back, to become a tensor on the manifold W or 
on any fibre bundle S with fibre G/K C Wq such that K C Kq. With the new rj and the 
morphism B equally induced on TW, through the given connection as in (|2.1|) . we may apply 
the symmetric group action to produce the forms rji = p\^p_^y 'n ° {B^ A 1^'"*). The resulting 
exterior differential system should be interesting to explore. The case we have been absorbed 
with in this article is just the more natural setting of Riemannian geometry and the tangent 
bundle. Just to illustrate, we take again the metric tensor g on TM and the usual map B. The 
metric is raised to the vertical subspace V C TTM as g itself. Then go B f\l is the canonical 
symplectic form. 

We may also consider the interplay of the Griffiths forms with Finsler geometry. This goes 
along with the study of real functions on a sphere bundle with certain convexity properties, in 
order to consider, for instance, deformations of the given metric (here is a practical reason to 
have considered any s > for the radius of the sphere bundle SM — )• M). In particular, the 
study of functions generating homotheties i.e. positive and constant along the fibres, which 
induce different horizontal tangent subspaces. 

The study initiated here can be developed for homogeneous Riemannian manifolds (where 
we know that only rank 1 symmetric spaces will preserve homogeneity along SM) and devel- 
oped for the specificities of Hermitian metrics. The construction of the Griffiths system in the 
whole complex category is surely relevant. Finally, we aim to continue the study of submani- 
folds and their normal sphere bundles, referred in section [231 the study of the second- variation 
of the Lagrangians seen earlier and new ones. The most important problem however is the 
discovery, in some chosen context, of a set of conservation laws of the Griffiths system. 
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5 Remarks and proofs of main formulas 

5.1 An algebraic technique 

We start by recalling an algebraic tool which creates new forms from tensors. We have in- 
troduced it in the study of gwistor space ( jAlblOl IAS091 RSlOj ). The proofs of all assertions 
regarding this technique are straightforward. 

Given any p-tensor rj and any endomorphisms Bi of the tangent bundle we let r] o [Bi A 
• • • A Bp) denote the new p-form defined by 

7] o {Bi A ■ ■ ■ A Bp){vi, . . . ,Vp) = ^ sg{a)r]{BiVaj,. ■ .,BpV^^). (5.1) 

This contraction obeys a simple Leibniz rule under covariant differentiation, with no minus 
signs attached: 

V{ri o (5i A • • • A Bp)) = {Vt]) o {Bi A ■ ■ ■ A Bp) + 

^ (5 2) 

+ ^ ?7 o (5i A • • • A VBj A--- ABp). ^ ' ^ 

If 77 is a p-form, then rj o (A^l) = p\ rj. For a wedge of p 1-forms we have the most important 
identities: 

r]iA...Arjpo{BiA...ABp) = ^ rji o B^, A . . . A rjp o B„^ 

cr£Sp 

(5.3) 

= z2 rjriO Bi A . . . ArjrpO Bp. 

reSp 

Notice that for a 2-form r] and any endomorphism B, clearly rj o B A B {v,w) = 2rj{Bv, Bw). 
For a 3-form and two endomorphisms B, C, then letting (5) denote cyclic sum 

rjo {B AB AC){v,w,z) =2 ^ rj{Bv, Bw,Cz). (5.4) 



5.2 Proofs for section l2.ll 

We are now ready for the proofs of the auxiliary and main formulas in section [2j 

To encourage the reading which follows, we start by giving an explanation of the well-known 
formulas ()2.2p . In a way these are the defining equations of a connection in relation with the 
horizontal subspace H. We may always assume w = {dvi)x{v2) where x £ M and vi,V2 € Xm 
are vector fields. We just need the map vi into TM to be defined on a neighbourhood of x. 
As it is not so difhcult to see ( [Albll] ). = {{dvi)x{v2))^ = V^j'L'i- Then since ir o vi = 1m 
and vl^x = Cv^ix) = vi{x), we find 

VU = {vl^*^)v,vl^ = Vv,Vl = w\ 

Moreover, if one considers the acceleration of a curve in M, then one sees that it lies inside the 
sub-bundle ker(V*^) if and only if the curve satisfies the equations of a geodesic (cf. |Albll| ). 
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Proof of \2. 3\) and Proposition \2.1\ Recall the connection D on SM induced from V*, given 
in section [2TTJ D = V* — ■ To prove it is torsion- free, we may likewise compute the torsion 
of V*. First, it is easy to see that its horizontal part is the same as 7r*T^ = 0. Secondly, 
disregarding the symmetric component V*z — V*z, for any two vector fields y,z on SM, cf. 
(|2.6p . the vertical part is 

This proves (|2.3p . Regarding the 1-form defined in ()2.7p . we use the same connection to 
compute firstly: 

{Dye)z = y{e{z)) - e{Dyz) 

= y{^,Bz)-{^,BDyz) 

= (V*e, Bz) + (e, V^Bz) - (e, BV;z) 

= {y\Bz). 

Hence, by a well-known formula, 

dd{y,z) = {Dye)z-{D,e)y = {y, Bz) - {z, By) 

as we wished. ■ 



5.3 Proofs for section 12.21 

Note 6 is actually defined on TM. Undoubtedly 6 corresponds with the pull-back of the 
Liouville 1-form on the cotangent bundle through the canonical isomorphism induced by the 
metric, as claimed in greater generality in [Albllj for connections with torsion. And so d^ 
corresponds with the pull-back of the (exact) canonical symplectic form of T*M. Using the 
adapted direct orthonormal frame {eo,ei, . . . ,en,en+i, ■ ■ ■ ,e2n}, locally defined on SM, we 
prove the basic structure equations. 

Proof of Proposition \2.2l First note (recall we use e""^ = e"' A e^) 

n n 

(de)' = e^'^+^'i)^'^ A • • • A ^ e^n+m 

ii=i ii=i 
= "Y i\ e('^+^'i)j'i A • • • A e(''+^'')^'^ 

l<ii<...<ii<n 

In particular, we prove the claim 

(d^f = (_i)^i^,^!ei-"("+i)-(2'^) 
sufficient to ensure we have a contact structure. Now 

l<ki<...<k„—i<n 

[n — i)\s 
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This proves the first part of (j2.15p and, in particular, (j2.14p due to ** = 1a*- Now, applying 
the second identity of (j5.3p and rii = ^n-i, we find 



^ sg(a) * (e("+'^i) oB ^ e("+^— ') oB ^ e("+'^"->+i) A • • • A e("+'"")) 
m sg(a) * A • • • A e'"-' A e^^+'^-'+i) A • • • A e("+'^")) 

(J 

ni sg(CT) (-1)^"+" e° A e'""-'+i A • • • A e^" A e^^+'^i) A • • • A 6^"+'""-') 

(J 

— ^ sg(r) (_i)in+n+i(n-i) ^ A A • • • A A e^^+^'+i^ A • • • A e("+^") 

r 

(-ir 



\n—i 

A 
s 

where previously the r equal the a composed with an obvious index permutation. Notice the 
last equality follows by looking attentively at the second. Formulas dO f\ ai = 0, ai A aj = 
0, Vj 7^ n — i are easy to deduce. ■ 

Now let us see the proof of an important result. 

Proof of Theorem \2.1\ in section [27B . Recall, for all < z < n, 

at = nioo A r) 

where a = an = jvr~-'^volA/ and 1 denotes the identity endomorphism of TSM. 

With the torsion- free linear connection D on SM, with the adapted frame {eo, • • • , e2n} and 
its dual coframe, we are well equipped to compute doj. It is obtained through the well-known 
formula da^ = Ylj ^ DjOi. We hence need the following computation: \/v, vi, . . . ,Vn vector 
fields on SM, 

D^ai{vi, . . . ,Vn) = 

n ^ 
= V ■ {Oiivi, . . .,Vn)) -^Uiivi,.. . , V>fc - -n^{v,Vk), ...,Vn) 

k=l 

= Vlai{vi,...,Vn) + ^'Yai{vi,...,TZ^{v,Vk),...,Vn) ^ ^ 

k 

= miVla) o (S"-^ A V){vi, ...,Vn) + ^Yl • • • ' ^^(^' ^k), Vn). 

k 

We have used the fact that any Oi vanishes in the direction of ^ and that V*i? = V*l = 0. 
Now, since VvoIm = 0, we have V*7r^^volM = V*7r*volA/ = 0. For any Vj E ^SM, we then 
find 

= (''^■(^^^ + ^V:^e)Xvr-ivolM) + ^j(V;.7r-ivolM) 

^ (5.6) 

= --y''j(7r~VolM)- 
s ■' 
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We see by (|5.5p and (j5.6p that doi has obvious flat and curved components. We compute 
separately, first, the flat part of doj. Proceeding by the mentioned formula, 

2n 

J]e^' A(V*a)o(F"-^ Al*) = 
j=0 

^ 2n 

= - Yl e^' A (ejjTT-VolM) o (B"-^ A 1') 

j=n+l 



1 

-2 (-l)-'~"e^' A((e^Ae("+i)-^'-(2"))o(S"-*Ar)) 

j=n+l 

1 " 



In the following step we let -Bi = • • • = Bn-i = B and = • • • = = 1. By the first 

identity of formula (|5.3|) . we have in particular 



a o (S"-^ A 1*) = ^ e'^+i o A • • • A e^" o 5,^. (5.7) 

With the same technique (j5.3p . the previous computation becomes: 
1 " 

i=i o-gs„ 

• • • A e^^+"^i o 5,^. A e^'+"+i o i^,^,^^ A ■ ■ ■ A e^" o 

1 " 

= — E E ^ A e"+i o A • • • A e^'+"^i o 5,^, A e^'+" A 

j = l ctSS^: o-i<n— i 

Aei+"+i o 5,^.^^ A • • • A e^" o B„^ 

since 9 = Sj' o B and o 1 = 0. Now letting i^i = • • • = Bn-i-i = B and i?n-j = • • • = Bn = 1, 
we may continue the computation: 

n 

= !1Z^0aE E e""^' ° a • • • a e^'+'^-i o a e^'+" a 

j=l rG5„; Tj=n 

Notice in case i = n this expression vanishes because 9 could never appear. Continuing, we 
get 

n 

A E E ^"^^ o A • • • A e^'+" o A • • • A e^" o 

i=l reSn- Tj=n 



n — I 



S2 



n — I 



S2 



Aao(S'-^-*-i Ar+^^ 



Hence, assuming for a moment M is flat, we have deduced, cf. (|2.16p . 

riiin — i) „ ^ + 1 /I 

doj = — ;5 9 A ttj+i = — 9 A Qj+i. (5.5 
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Now let us see the curved side of (j5.5p . First notice TZ^{v, ) vanishes on any vertical 
direction v. Then, writing as it is usual Rabcd = {R^i^a, e-hjCc, e^), Va, 6, c, d G {0, . . . , n} and 
using the adapted frame cq, • • • , e2n on 5M, we have 

n n 

p=l q=0, p=l 

It is easy to see we just have to simplify the following expression, coming from ()5.5p . given for 

ah Vi,... ,Vne XSM, 

n n 

(^p+n 5 ■ ■ ■ ) Vn j 

k=l q=0, k,p=l 

n ^ 

Yl Yl (n - -^^^_ sRjg0p{-l)''-^e'^{va^)ai{ep+n,Va2,■ ■■,VaJ 



q=0, k,p-- 



= ^ sRjqOp e'^ A ep+n^ai {vi,... , Vn) 

g=0, p=l 

Finally the tensors introduced in (j2.16l2.17p are coherent with the computation of dai from 
above. Indeed we have 

= ^ ^ sRjqQp e-'^ A Cp+nJaj. 
0<j<g<n p=l 



We remark the previous formula may be partly simplified if we use (|5.7p : 

n 

Cp+nMi = m ^{-lf~^ Yl ^"^^ o A • • • A ep+nj(e'^+'^ o J A • • • A e^" o 

k=l (tG5„ 
n 

= ^*E E A---AV^A---Ae2"oS,„ (5.10) 



e"+i o i?,^ A • • • A e"+?^,^ A • • • A e^" o 



Now let us see the cases TZ^uq and TZ^ai, which thence have the particular expressions 
appearing in (|2.18l2.19p . Clearly TZ^uq = 0, so this is done. Letting z = 1 in the formula 
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above, we find 

n 

0<j<q<n p=l 

n n 

0<j<q<n p=l k=l aGSn: o-fe=n 

n 

= J]si?,,ofce^'?A(-l)'=-i(n-l)!ei A---r^---Ae- 

0<i<g<n k=l 

n 

= Y s^OgOg e° A A • • • A A • • • A 

9=1 

= — Ric vol 

s 

as we wished, cf. (j2.19|) . In the same token of previous ideas we have the following proofs. 
5.4 Proofs for sections 13.11 and 13.21 

Proof of (j3.3p in section WlX For constant sectional curvature we immediately find from for- 
mula (|5.9p above that 

n 

TZ^ai = -k9 A 'Y e'^ eg+nJOj. 

9=1 

Now the relevant component, assuming Bi = . . . = Bn-i = B and Bn-i+i = . . . = i?„ = 1; is 



9=1 

n 

= ni e« A eg+„j ^ 6"+^ o 5^.^ A • • • A e^" o B„^ 
9=1 o-eSn 



E E o i^ai A • • • A 6"+-? o (e„+,)e'? A • • • A e^" o 

9=1 

"'E E e^+^o^,,^ A--- Ae''A--- Ae2"oS^^ fcf. (l5l^ ) 

9 ct: (jq>n—i 

Y E e'^+ioS,^ A--- Ae^A--- Ae2"o5<,„. 



= nil ^ 

9 o": crg=n— z+l 

Here we may change to i?i = . . . = Bn~i = Bn~i+i = B and Bn~i+2 = • • • = Bn = 1 and then, 
resuming the computation, 

n 

= n,i^ E e"+io5,^ A-.-Ae^+^oS,^ A--- Ae2"oS,^ 

9=1 t65„: r5=n.-i+l 



{n - i + l)ai-i. 
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The formula dat = ^9 A Oj+i + TZ^ai = 6 A (^Oj+i - k{n - i + follows. ■ 

Now let us complete the proof of Theorem I3.2i 
Proof of formula ([M]) in secUon\3M Clearly from (j2J5|) . (j2J6|) and ([CTT]) we have 

11 " . 

d * an-2 = — ^ da2 = — 6* A TZ^a2 = -0 A ^ ^ RjqOp e-'^ A ep+„ jq;2- 

l<j<g<n p=l 

As usual, here we let i?i = • • • = Bn-2 = B, Bn-i = Bn = 1. Then we continue the 
computation: 

n 

= -n^QA ^n^v^'" E ep+„ j(e'^+i o i?,^ A • • • A e^" o i?<,J 

l<i<g<?i p,a,b=l cr(^Sn- cra=n~l, cri,=n—l 

1<J<'?<"P=1 a<b 

+ J^Cp+^je^ A • • • A 6^^+^ A • • • A 6^^+^^ A • • • A e'^') 

= E Ei^i^o^^^^^"^)"^^^"^^^^^^'"^^"^'"^^^^"""^^" 

-RjgOb e^i{-iy+^ A A • • • A A • • • A A • • • A e 

= (E+E)^^«^o««"^''^^°i- 

a<b b<a 

This is the result we were searching. ■ 
5.5 Proofs for section 13.41 

There is a statement about the pull-back of the Lagrangians by the lift / to SM of an 
isometric immersion f : N ^ M and a subsequent formula f*ai = (— l)Vj(A) voljv which is 
worth proving in detail. 

Proof of Proposition \3.1[ For the moment it is easier to work with n — i instead of i. We have 
seen that 



O^n—i — IT'n—i 



sg(CT) A • • • A e""' A e^^+'^'+i) A • • • A 6^"+'""). 
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Thence, by (|3Tfll . 

(-1)"-V"*«n- 



■I 

n 



(TGSn j,kj = l 

Yl ^s(f^) • • • Kl" e"^ A--- Ae"' A e'^^'+i A • • • A e"^" 



= n^Y. E ^&{r)All\'■■■AZ-e'^■■■^e'^ 

where in the permutations r operate in the set {i + 1, . . . , n}. Letting ei, . . . , e„ be a direct 
orthonormal basis of eigenvectors of A with eigenvalues Xj (recall A is symmetric), we see 

(-1)* f*ai = ni Y V • • • ^fT, voIat = Y -^ii ' ' ' ^oW = cri{A) yoIn 
creSn i<ii<---<ii<n 

as we wished. ■ 

The formulas above prove the statement of |BGG03l p. 34] that the pull-back in question 
agrees essentially with the sum of all minor determinants of the second fundamental form of 
the submanifold N. 
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